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Abstract 

Using embedding of complex curves in the complex projective plane P 2 , we 
develop a non planar topological 3-vertex formalism for topological strings on the 
family of local Calabi-Yau threefolds X (rn = 0{m) © O(-m) -> E^'°°\ The 
base E^' 00 ^ stands for the degenerate elliptic curve with Kahler parameter t; but 
a large complex structure fj,; i.e \u\ — > oo. We also give first results regarding 
A-model topological string amplitudes on x( m ~ m '°\ The 2D U (1) gauged M = 2 
supersymmetric sigma models of the degenerate elliptic curve as well as 

for the family X^ m ~ m ' ^ are studied and the role of D- and F-terms is explicitly 
exhibited. 

Key words: Topological String, Topological Vertex, Hypersurfaces in the Local 
Projective Plane. Supersymmetric Linear Sigma Models with D- and F-terms. 

1 Introduction 

Topological string theory [TJ, EJ, [3] is a powerful method to deal with the AD Af = 2 
supergravity Planck limit of the compactification of type II superstring on Calabi-Yau 
(CY) threefolds X 3 [H |3]. The study of local Gromov-Witten theory of curves in non 
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compact Calabi-Yau threefolds [HI [7J [9|, [10] and the OSV conjecture [TT], relating 
microscopic J^D black holes to q-deformed Yang- Mills theory [12]- [18], have given an 
additional impulse to the revival interest in the study of the topological field and string 
theories [IH]-[26]. Several important results have been obtained in the few last years; 
in particular the development of the topological tri-vertex ( to which we refer below as 
planar 3-vertex) method for computing the A-model partition function for non compact 
toric CY3s [28, 29J and the interpretation of this vertex in terms of 3d-partitions of 
melting crystals generalizing U (oo) Young tableau [30l l3Tj . 

Moreover the planar 3-vertex and its refined version [321 [33] have been shown 
particularly powerful. They agree with the Nekrasov's partition function of M = 2 
SU(N) gauge theory [34]- [40] and provide more insights into non perturbative dynamics 
of string field theory. The power of the topological 3-vertex method may be compared 
with the power of Feynman graphs technique in perturbative 3 quantum field theory 
(QFT). This formal similarity between the toric web-diagrams and the Feynman graphs 
opens a window on the following issues: 

First, the use of perturbative QFT results to motivate topological stringy analogues, in 
particular toric web-diagrams with higher dimensional vertices such as the typical 4> A to 
be considered in this study; 

Second, the development of new techniques to enlarge the class of toric Calabi-Yau 
threefolds to which the topological vertex formalism applies. 

Recall that for non compact toric Calabi-Yau threefolds X3 with toric web- 
diagram A (X 3 ), the planar 3-vertex method allows to compute explicitly the A- model 
topological string amplitudes. The topological vertex method is a Feynman-rules like 
technique where the Feynman graphs, the vertices of these graphs, the momenta, and 
the propagators correspond respectively to the toric web-diagrams A (X 3 ), the 3-valent 
vertices Cx^, Young diagrams A, and the weights (— )^ n+1 ^ A l e -*l A lg-f K ( A ) where n encodes 
the framing. 

Motivated by: 

(1) the formal correspondence between toric web-diagrams of local Calabi-Yau threefolds 
and QFT Feynman graphs, 

(2) the two classes of toric Calabi-Yau threefolds describing the vacua of supersymmetric 
sigma model with (W($j) 7^ 0) and without superpotential (W($j) = 0) , and 

(3) a special featured of the local 2- torus 0(m) © 0{— m) — > where the elliptic 

1 In toric Calabi-Yau 3-folds X3 with typical fibration B x F, the torii appear generally in the fiber 
F. In the local elliptic curve we are considering in this paper, the 2-torus is in the base B. 
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E M (1.1) 

is in the base of the local Calabi-Yau threefold X ( ~ m ~ rn ' ' > rather than in the fiber, 
we address in this paper, the two following points: 

(a) We propose in this study a toric representation for the family of the local 2-torii with 
fixed finite Kahler parameter t and a large complex structure \x; say \fi\ — > oo, 

0{m) © 0{-m) -> E (t '°°\ (1.2) 

with integer m. The degenerate elliptic curve 

E (t '°°\ (1.3) 

describing the base of the above local Calabi-Yau threefolds ( 11. 21) . will be realized as the 
(toric) boundary of the complex toric projective plane P 2 ; see sections 3, 5 and 6 as well 
as the appendix for more details. 
With this representation at hand, we can then: 

(a) circumvent, at least for the particular case of the degenerate E^ t,co \ the usual diffi- 
culty regarding the lack of a toric diagram for the 2-torus. 

In addition to the large complex structure limit constraint — > oo, the other price 
to pay in this set up is to consider a non planar 3-vertex formalism rather than the 
standard planar 3-vertex one based on the R x T 2 special Lagrangian fibration of C 3 . 
The reason behind the emergence of the non planar 3-vertex is that the toric Calabi- 
Yau 3-fold X( m '" m '°) is realized as a non compact toric hypersurface of the complex four 
dimensional toric manifold 

0(m) © 0{-m) -> P 2 . (1.4) 

For later use, we will refer to the local geometries ( 11.21) and (1 1.4ft as H% and Y4 respec- 
tively. 

The geometry Y4 will be also promoted to the Calab-Yau 4- fold X4 = 0(—m — 3) — > 
WP 3 

((3) draw the lines for computing the topological amplitudes by using a non planar 3- 
vertex formalism. 

In the present study, we will mainly set up the key idea by: 

(i) building the toric web-diagram A (X 3 ) of the local degenerate elliptic curve 

(ii) give first results regarding the structure of the topological non planar 3-vertex and 



2 the 2-torus has one Kahler parameter t and one complex parameter /i. As these parameters play 
an important role here, we will exhibit them below by referring to the elliptic curve as 

£(*,m). Further 

details are given in the appendix. 
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the partition function of X^ m ~ m ' ^ as well as their relation to the 4- vertex of the ambient 
C 4 local patch and to the generalized Young diagrams. 

(b) We develop the supersymmetric linear sigma model field theory setting of the local 

degenerate elliptic curve X^ m ~ m ' \ 

More precisely, we show the two main following things: 

(a) the planar 3-vertex method is associated with the auxiliary D-terms in supersym- 
metric sigma models. 

The non planar 3-vertex formalism we will be considering here corresponds to the case 
where we have both D-terms and F-terms. 

{(3) We use the sigma model for local P 2 to induce the M = 2 supersymmetric gauged 
model for the local elliptic curve X <yrn ~ m '°\ The underlying complex geometry of a such 
construction was noticed in the Witten's original work [17]. Here, we give explicit details 
regarding the implementation of F-terms. 

The organization of this paper is as follows: In section 2, we give an overview 
of the topological planar 3- vertex method. In section 3, we exhibit briefly first results 
concerning the topological non planar 3-vertex by considering the example of a Calabi- 
Yau threefold if 3. The toric 3-fold H3 is realized as a hypersurface of a four dimensional 
complex Kahler manifold. In section 4, we review the main points of the U (1) gauged 
supersymmetric sigma model realization of the local P 2 . In section 5, we consider the 
sigma model for the degenerate local elliptic curve X^ m ~ m,0 \ As the question of the 
toric realization of T 2 is a crucial point, we divide this section in three parts: We first 
study the realization of the degenerate elliptic curve E^' 00 ^ by using the compact divisor 
of P 2 . Then we give explicit details regarding the U (1) gauged supersymmetric sigma 
model realization of the local degenerate elliptic curve 

X (m-m,0)_ Next) we gtudy the 

moduli space of the supersymmetric vacua associated with X( 3, ~ 3, °). In section 6, we 
extend the construction to the case of local elliptic curve 

x (m,-m,o)_ In section 7 

we 

give the conclusion and in section 8 we give an appendix where we show that d (P 2 ) is 
precisely E^' 00 ^. 



2 Topological vertex method 

In this section, we consider the topological 3-vertex method used for the computa- 
tion of the A- model topological string amplitudes. We illustrate this method through 
some examples of non compact toric Calabi-Yau threefolds namely: 

(1) the complex space C 3 , with special Lagrangian fibration as R x T 2 , playing the role 
of the planar 3-vertex. 

(2) the resolved conifold obtained by gluing two planar 3-vertices, 
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(3) local P 2 made of three planar 3- vertices. 

Then, we consider an example of toric Calabi-Yau threefold (11.2j) where one needs intro- 
ducing non planar 3- vertices (and 4- vertices). This local Calabi-Yau threefold is precisely 
the one given by the local degenerate elliptic curve X <ym ~ m ^ = 0{m)@0{—m) — > E^' 00 ^ 
realized hyper surf ace in (jl.4p . 

2.1 Tri- vertex method: A brief review 

The topological 3-vertex formalism computes the partition function 

ZxM 

of the local toric Calabi-Yau threefolds X 3 . In this formalism, the toric web-diagram 
of X 3 is thought of as resulting from gluing copies of planar 3-vertices C\^ v along their 
edges. 

Recall that the topological vertex Cx^ has three legs ending on stacks of Lagrangian 

D-branes (C x S 1 ) represented by 2d partitions A, \i and v. 

The partition function Zx 3 (q) depends on the following quantities: 

(i) the parameter q which reads in terms of the string coupling as e~ 9s ; it plays the role 
of the Boltzmann weight. 

(ii) the Kahler parameters {ij} of the local Calabi-Yau threefold X 3 ( i — 1, h 1,1 (X 3 )). 
Below, we will consider simple examples where 

h 1 ' 1 (Y 3 ) = l. 

(iii) the boundary conditions (open strings) described by 2d partitions fi ( generic repre- 
sentations of U (oo)). In the QFT language where Feynman graphs play a quite similar 
role as the toric web-diagrams, the 2d partition /i corresponds to the "external momen- 
tum" of Feynman graph. Recall that a 2d partition \i is a Young diagram with columns 

(/i 1; /i 2 ,...), /!i>/i m , ft eZ +- (2- 1 ) 

Columns of the 2d partition are associated with Lagrangian D- branes and rows with 
Lagrangian anti- D-branes. 

(iv) Lagrangian D-brane/anti-D-brane pairs are needed for the gluing of the vertices. 
The gluing operation is achieved by inserting 2d partitions v and their transpose v T at 
the cuts and summing over all possible z/s. In QFT language, v corresponds to "internal 
momenta" . 

The topological 3-vertex§ method for computing the partition function Z Xa {q) is illus- 
trated on the three examples given below. 

3 For simplicity, we use 3-vertex to refer to the planar 3-vertex. 
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2.2 Examples 

Example 1 : the 3- vertex of C 3 

The toric graph of C 3 is given by figure 1. Following [28], the partition function of the 3- 

V 




Figure 1: The toric web-diagram of C 3 . It appears as local patches in toric Calabi-Yau 
threefolds. The three edges end on stacks of Lagrangian D branes. A, \i and v are 2d partitions 
which, in QFT set up, may be thought of as the external momenta. 

vertex, with a stack of Lagrangian D-branes ending on its legs captured by the boundary 
conditions (A,/i, v\ is given by 



ZxM = ^V(<7) (Tr x V Tr,y Tr u V) . 



(2.2) 



In this relation, the trace Tr\ of the holonomy matrix V , with eigenvalues 

is given by the Schur function S\ (x). The latter depends on the 2d partition A = 

(Ai, A2, ...) and the X{ = q l - l / 2 - x \ The rank three tensor 



c {3) = cv, 

is the topological 3- vertex whose explicit expression reads as 



(2.3) 



2d partitions r\ 



(2.4) 



with p = (p 1; p 2 , ...) and p t = l/2-i. 

Eq fl2.4l) involves the product of skew-Schur functions S^/^. It reduces, for the closed 
topological string case, to 



Z c i(q) = C dU (q) = l[(l-q r 

n=l 

which is nothing but the 3d MacMahon function. 



(2.5) 
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Example 2: Resolved conifold X 3 = O (-1) © O (-1) -> P 1 
The resolved conifold has one Kahler parameter t parameterizing the size of the projective 
line P 1 . Figure 2 describes its toric web-diagram. 





p c (3 

Figure 2: Resolved conifold O (—1) © O (—1) — > P l made of two planar 3-vertices. 

This local threefold X3 is obtained by gluing two 3-vertices along one edge leaving then 
four opened external legs. 

In the simplest case where there is no boundary terms on the external legs, the partition 
function of the closed topological string on the resolved conifold is given by, 

Z X3 (q,t)= C Wv {q) (-l) M e->l* C WvT {q). (2.6) 

2d partitions v 

In this relation, u T is the transpose of the 2d partition v with \v\ boxes and C$$ v (q) is 
as in eq (!2.4p by setting the boundary conditions as A = and \i = 0. 

Example 3: Local P 2 : X 3 = O (-3) -> P 2 
The local P 2 has one Kahler modulus t parameterizing the size of the projective plane 
P 2 . Figure 3 describes its toric web-diagram. 




Figure 3: Toric web-diagram of O (—3) — > P 2 made of three planar vertices 

This local threefold is obtained by gluing three 3-vertices. For simplicity, we consider 
here also the case where there is no boundaries. The corresponding partition function 
reads as follows: 

z x Mt) = £ c^ uT (q)CxMi) ^ ,(g)(-e~O H+|A|+l V {A)+ ^ )+KM (2.7) 
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with 

|2 |M\ /Wll 2 



K (A) = 2[(||A|| 2 -|A|)-(||A T || -|A T |jj, (2.8) 
being the Casimir of the 2d partition. 

3 Beyond the planar vertex method 

First, we describe briefly the field theory setting of the local elliptic curve geometry 
leaving technical details for next sections. Then we give our first results regarding the 
topological non planar 3-vertex formalism and the explicit expression of the partition 
function associated with eq( 11.2l) . 



3.1 Field theory set up 

The local CY3 examples we have described above have toric web-diagrams involving pla- 
nar 3- vertices; see figures (JTI) - (J2J) - (J3j) . These toric threefolds X3 have a very remarkable 
field theory set up; they describe supersymmetric vacua of 2D TV = 2 linear sigma model 
with U r (1) gauge symmetry and (r + 3) matter multiplets 

U r (l): Qj^e'GQj, a = l,...,r, (3.1) 

The defining eq of X 3 is given by the field equation of motion of the D a auxiliary fields, 

^ = X> a N 2 = 0, (3.2) 

i=l 

where the field coordinates 2, are the leading components of the chiral superfields $j and 
where 

r+3 

£<Z? = 0, a = l,...,r, (3.3) 

i=l 

stands for the Calabi-Yau condition. 

Toric Calabi-Yau threefolds can be also realized as hypersurfaces H3 in higher d- 
dimension complex Kahler toric manifolds 3^d, 

H 3 cy d , d> 4. (3.4) 

Locally, the Kahler toric d-fold 3^ may be imagined as given by the toric fibration 
R d x T d or as R d x with fiber = R x T d_1 . The toric web-diagram of 3^ involve 
d- dimensional vertices where shrink all the 1-cycles of the toroidal fibration. 
The toric CY3 hypersurfaces H 3 have also a supersymmetric field theory setting. It will 
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Figure 4: A generic toric web-diagram of a 4-vertex. In toric geometry, this web-diagram 
corresponds to the real base of the local patch C 4 . 



be developed in details in forthcoming sections, see also the analysis of [17]. The H 3 s 
describe as well supersymmetric vacua of 2D Af = 2 linear sigma model with gauge {V a } 
and matter multiplets, i = 1, r + d. 

The defining equation of the toric CY hypersurface H 3 is given by the field equations of 
motion of both the D- and the F- auxiliary fields, 



Ml. — n n = 1 r 

J^ = 0, a = l,...,m 



(3.5) 



a = 1, m, (3.6) 



with m = d — 3 and d > 4. The first r equations, which are similar to eq (!3.2l) . reduce the 
dimension down to (d — r). The second equations, which are gauge invariant constraint 
relations, 

f a (z 1 ,...,z d ) = 

fa (Ai^i, Xd z d) = 

Xj = e iq i aa 

reduce the number of free field variables down to 3; say (1^1,^2,^3). Up to solving 
eqsf l3.5l) . one can express all the Z{ field variables in terms of the w's as shown below 

Zi = z i (w 1 ,w 2 ,w 3 ) , i = l,...,r + d. (3.7) 

In the next subsection, we study in details the case d = 4. 

3.2 Results on non planar vertex formalism 

The results we will give below concern the following: 

(1) the toric realization of the local degenerate elliptic curve ( 11.211 . 

(2) the set up of the non planar 3- vertex formalism and 

(3) the computation of the partition function Z# 3 . 

3.2.1 Local degenerate elliptic curve 

Consider the local Calabi-Yau threefold (jl.2p and focus on the particular local degenerate 
elliptic curve, 

H 3 = C>(+3) © 0(-3) -> E^°°\ m = 3. (3.8) 
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The degenerate elliptic curve is given by the toric boundary (divisor) of the com- 

plex projective plane P 2 , 

E (t,cc) = q (p2) _ (3 

This is just a compact divisor (hyperline) of P 2 . The toric web-diagram associated to 
( 13. 8j) is given by figure 5. 




Figure 5: Non planar toric web-diagram of O (+3) © O (—3) — > E^'°°\ This is a toric 
CY3 divisor of the four dimension complex Kahler manifold O (+3) © O (—3) — ► P 2 The 
hollow triangle ABC refers to the degenerate elliptic curve 

£(*,°c) The full triangles ABD, 

ZCD, BCD refer to the three other projective planes. 

The non compact toric 4- fold 3^4 of eq ()3.4p is given by 

y A = 0(_ 3 ) ^p3 1)1]3) (3.10) 

where WPf l 1 3 stands for the complex 3- dimension weighted projective space. To keep 
in touch with the Calabi-Yau condition, we promote 3^4 to the toric Calabi-Yau 4-fold 

X 4 = 0(-6) - WP? xlt3 , (3.11) 

and in general to 

X 4 = 0(- 3 - m) -> WPj 3 ,^ (3.12) 

with m > 1. 

3.2.2 Toric cap and toric cylinder 

From eq f)3.8p . one distinguishes two special divisors of the local degenerate elliptic curve 
H 3 : 

(1) "toric cap": see figure 6 

This divisor corresponds to H% taken as the fibration 0(— 3) — > Y%. The base Y2 is a 
compact complex surface given by 

Y 2 = 0(+3) -> P^' 00 ). (3.13) 
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Figure 6: Toric web-diagram of O (+3) 



i?(t,oo). This figure looks like a "toric cap : 
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obtained by gluing three triangles as shown on the figure. 

The toric web-diagram of the complex surface Y 2 is exhibited in figure 5: 

The first Chern class C\ (T*Y 2 ) is equal to +3. The toric web-diagram of E^'°°^ is given 
by the boundary of the triangle and 0(+3) is a compact line. 

The toric web-diagram of Y 2 is non planar and can be thought of as the triangulation of 
the topological cap of [28]. Below, we will refer to Y% as the "toric cap". Notice also the 
following features: 

(a) the complex surface Y 2 is a compact divisor of H 3 ; it is made of the union of three 
complex projective planes, which we denote as Pf, P| and P§. 

The projective planes P^ belong to three different C 3 spaces of the ambient C 4 . 

(b) the toric web-diagram of Y 2 is made of three triangles as showrj 4 ] in the figure 6. 
Recall that the toric web-diagram of a generic projective plane is given by a triangle 
[figure 3). 

The projective planes (triangles) have mutual intersections Jy along complex projective 
lines (edges) and a non planar tri- intersection vertex Ii 23 . 
(2) toric cylinder 

This divisor corresponds to think about H 3 as the fibration 0(+3) — ► Y 2 . 
Here the base Y 2 is a non compact complex surface given by 



Its first Chern class c\ \ T*Y 2 j is equal to —3. Here also the toric web-diagram of E^' 00 ^ 

is the boundary of the triangle and 0{— 3) is a non compact line. The toric web-diagram 
of Y 2 is non planar] it can be thought of as the triangulation of the cylinder R x S 1 . We 
will refer to Y 2 as the "toric cylinder" whose toric web-diagram is shown in the figure UJ 



4 Y"2 can be imagined as the triangulation of the cap. 



Y 2 = 0(-3) -> E {t '°°\ 



(3.14) 
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Figure 7: On left, the real skeleton of the toric web-diagram of the fibration of O (—3) — > 
E^°°\ It could be interpreted triangulation of the cylinder of base E^'^\ given by the 
boundary of a triangle, and a non compact line as a fiber. On right, the usual cylinder Rx S 1 . 

The Y2 divisor of H3 is made of the union of three sheets 0{— 3) — > Fj belonging to three 
different C 3 spaces of the ambient C 4 . 

From eqs ( 13.131) and ( 13.141) . it is clear that the elliptic curve is an intersecting curve 

of the complex surfaces Y2 and Y-i- 

3.3 Topological partition function 

To build the non planar 3- vertex formalism for the local elliptic curve if 3, we will follow 
the construction used in the derivation of the usual topological 3- vertex method |28j . 
However since the local elliptic curve is a CY3 hypersurface in X 4 , 

H 3 C X 4 , (3.15) 

with 

X 4 = 0(-3 - m) -> WPf xlim , (3.16) 

a convenient way to achieve the goal is to proceed as follows: 

(1) develop the 4- vertex formalism for the ambient toric CY4-fold X4. 

(2) compute the partition function for X 4 . Actually this step may be also viewed as 
alternative way to get the 4d generalization of the MacMahon function [50J. 

(3) impose the appropriate constraint relations to get the non planar 3-vertex and the 
topological partition function for the local elliptic curve H3. 

It is interesting to note here the emergence of a 4-vertex formalism in the construction. 
This is not surprising since the toric web-diagrams of H 3 and X 4 have quite similar 
skeletons. In the first case the tetrahedron is hollow and in the second it is full. 

The first step to realize these objectives is specify the special lagrangian fibration of 
the toric CY4-fold like X 4 ~ R 4 x _F 4 with fiber taken as 

F A ~ R x T 3 . (3.17) 
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On the hypersurface if 3 in X4, real 1-cycles of F4 shrink and one is left with the usual 
special lagrangian fibration of the toric CY3-folds H 3 ~ R 3 x F 3 with 

F 3 ~ Rx T 2 . (3.18) 

In |49] , we give the explicit expressions of the various hamiltonians and the values of the 
vertices of the web-diagrams solving the Calabi-Yau conditions. 

The next step is to study the 4-vertex formalism of X4 and its reduction down to the 
toric hypersurface if 3. 

3.3.1 Toric web-diagrams and generalized partitions 

The toric web-diagrams of X 4 and if 3 have been described above (figure 5). For the case 
X 4 , the toric web-diagram can be decomposed into four local patches 

Wi, U 2 , U 3 , IU. (3.19) 

To each patch U ~ C 4 with fibration R 4 x F4 it is associated a topological 4-vertex C( 4 ). 
This vertex depends on the boundary conditions on its external legs. We will see that, 
using 3d generalized Young diagrams, it can be either defined as 

C(4) = Caett, (3.20) 
or equivalently by using 2d partition like 

C(4) = C( a( g 7 )(5 ee )(^)(A^)- (3-21) 

The toric web-diagram of if 3 is induced from the one of X4. It can be also decomposed 
into four local patches as follows, 

Ul U*, Ul Ul (3.22) 

where the asterix refers to the projection 

* : X 4 -> H 3 , Ui -> U*. (3.23) 



To each patch U* ~ C 3 with fibration R 3 x F 3 it is associated a non planar topological 
3- vertex C%\, 

*:C (4 )-C ( * 3) . (3.24) 

To get the 4- vertex C( 4 ), the partition function Z Xi and the topological partition function 
Z Hs of the local elliptic curve, we need first introducing some key tools. 
In the standard 3- vertex formalism of [28], 130] . one uses a set of basic objects; in particular 
2d- and 3d- partitions. In the 4-vertex formalism, we have to build the analogue of these 
mathematical ingredients. 
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ex ) 3d partitions 

Roughly, a 3d partition II can be thought of as an integral N\ x iV 2 rank two tensor 
(IIi a ) with the property, 

IT = {IL; a G Z+, U ha > II i+i , a+5 > 0} , (3.25) 

where i, j = 1, 2, N\ and a, b = 1, 2, A^. 

The 3d partition, which has been used for various purposes, has a set of remarkable 
combinatorial features. Below, we give useful ones. 

(i) 3d partitions are generalizations of the usual 2d partitions A = (Ai,A 2 ,...) with 
Ai > A 2 >••••> and the integers Aj G Z+. 

By setting N 3 = n^i, the 3d partitions can be imagined as a cubic sublattice of I? + 

[l.jVi] x [1,N 2 ] x [l,iV 3 ]. (3.26) 

The cubic diagram of II can be considered as a set of unit cubes (i,j,k) with integer 
coordinates such that G A and 1 < k < U(i,j). The integers U(i,j) define the 

height of the stack of cubes on the (xi,x 2 ) plane. The projection of II on the (xi,x 2 ) 
plane is just the 2d partition A. 

(ii) A subclass of 3d partitions solving the conditions (13.251) is given by the particular 
representation 

II = A ® fi, Il ia = Ai// , Xifj, a > \ i+j n a+b , (3.27) 

where A and \i are 2d partitions as in eq (l2.1l) . 
We also have the following associated ones: 

n T = A T ®/i, n = A® / u T , n T = A T ®/i T , (3.28) 

T 

where A stands for the usual transpose of the Young diagram A. 

(iii) Like in the case of 2d partitions, one may associate to each 3d partition II a Fock 
space state |n ia ) with norm (IT | IT) = ||II|| 2 , 

ll n ll 2 = £(£ ( n -) 2 ) =EfE ( n -) 2 ) • ( 3 - 29 ) 

%>\ \o>l / a>l \i>l J 

(Hia\ stands for the dual state associated with the dual partition Il + = IT^ . We also 
have the following relation 

lid = ^ ^ ia ^ ^ ia l ' ( n ia|n i6 ) = Sijdab, (3.30) 

3d partitions 
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defining the resolution of the identity operator 1^. 

(iv) The number | IX ] of unit boxes (cubes) of the 3d partition is defined as 

|n| = ^rv (3.3i) 

i,a 

(v) The boundary (dU) of the 3d partition II is given by the 2d profile of the correspond- 
ing generalized Young diagram. As this property is important for the present study, let 
give some details. 

Given a 3d partition II, the boundary term on the plane Xi — Ni is a Young diagram 
(2d partition). On the planes x\ = N\, X2 = N2 and £3 = N3, the boundary of II is 
composed of by three 2d partitions A, fi and v. So we then have: 

Oil = (A, (3.32) 

Particular boundaries are given by the case where a 2d partition is located at infinity; 
that is there is no boundary. We distinguish the following situations: 

dU = (0,^,1/), 

dU = (0,0,i/), (3.33) 
dU = (0,0,0), 

where stands for the vacuum. 

(vi) A convenient way to deal with 3d partitions is to slice them as a sequence of 2d 
partitions with interlacing relations. We mainly distinguish two kinds of sequences of 
2d partitions: perpendicular and diagonal. We will not need this property here; but for 
details on this matter see for instance [30] and refs therein. 

(3) 4d partitions 

The 4d partitions V are extensions of the 3d partitions II considered above. They can 
be imagined as 4d generalized Young diagrams described by the typical integral rank 3- 
tensor , 

Viaa & With Viaa > T > (i + j)( a +b){a+f3) , (3.34) 

with 1 < i < N u 1 < a < N 2 and 1 < a < N 3 . 

Several properties of 2d and 3d partitions extend to the 4d case; there are also specific 
properties in particular those concerning their slicing into lower dimensional ones. Below 
we describe some particular properties of 4d partitions by considering special represen- 
tations. 
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Sub-classes of 4d partitions are given by: 

(i) the product of a 2d- and a 3d- partitions fi and II like 



V = H ® n, (Viae) = (jiiHa 



(3.35) 



with i — 1, iVi; a = 1, Af 2 and a = 1, A^. 
(ii) the product of three kinds of 2d- partitions. 



V = A ® H <g> V, (Viaa) = {\ill a V a ) ■ 



(3.36) 



The boundary dV of a generic 4d partition P can be defined in two ways. First in terms 
of 3d partitions as follows 

dV — (A, II, E, T) . (3.37) 
We also have the following particular boundary conditions 



case I : dV = (0, II, S, T) , 

case II : dV = (0, 0, S, T) , 

case III : dV = (0, 0, 0, T) , 

case IV : dV = (0, 0, 0, 0) , 

where stands for the the "3d vacuum" (no boundary condition) 
Second by using 2d partitions to define boundary of V like 

&P = { [a,b,c]; [d,e,f]; [g,h,i]; [j,k,l] ) 



(3.38) 



(3.39) 



where [abc], ...and [jkl] stand for the boundaries of the 3d partitions A, ... and T. 
Notice that the second representation is more richer since along with the configuration 



0= [0,0,0], 

we have moreover the two following extra configurations 



(3.40) 



[0,b,c], [0,0,c]. (3.41) 
For the case I of eq f)3.38l) corresponds then the three following boundary configurations 
casei: ([0,b,c]; [d,e,f]; [g,h,i]; [j,k,l]) 



dV = < 



case n : 



J,c]; [d,e,f]; [g, h, i] ; [j , k, 1] ) 



^caseiii: ([0,0,0]; [d,e,f]; [g, h, i] ; [j,k,l]) 
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(3.42) 



where the last one (case iii) is the case I described by the first relation of eq (!3.38[) . 
This property indicates that one disposes of different ways to deal with 4d partitions 
either the simplest one using 3d-partitions or the more refined on involving 2d partitions. 
Below we consider both representations. 

Notice moreover that given a 4d partition V, we can associate to it various kinds 
of transpose partitions. Using the particular realization eq f)3.36l) . the corresponding 
transposes read as 

A T <g // <g v, A <g fi T <g v, A ® fx <g> z/ T , 

A T <g> /i T (g v, A <g> /i T <g> u T , A T <g /i <g z/ T , (3.43) 

A T (g // T <g z/ T , 

where A T stands for the usual transpose of the Young diagram A. 

The exact mathematical definitions and the full properties of 4d partitions are not our 
immediate objective here; they need by themselves a separate study. Here above we have 
given just the needed properties to set up the structure of the 4- vertex formalism and 
its restricted non planar 3-vertex method. 

3.3.2 Tetra- vertex C (4) and Z Xi 

a.) the 4~ vertex C 4 ) 

The 4- vertex Cu\ of the toric Calabi-Yau X 4 can be built by extending the 3-vertex 
construction eq( 12.3l) . 

In the 3d partition set up, the vertex Cm has four external legs La, Le, Lr, Lr with 
boundary conditions as in eq (l3.37j) . The 4- vertex C( 4 ) with boundary conditions (AETr) 
can be defined as a function of the Bolzmann weight q = e _/3 as follows: 

Castt = C ASTr (q) ■ (3.44) 

In the case where A = S = T = T = 0, the corresponding 4- vertex C0000 should be 
equal to the generating function Z C 4 of the 4d generalized Young diagrams 

C0000 = Zq4. (3.45) 

Recall that the generating functional Zc* can be defined as a power series like, 

Z&= E <F [ , (3-46) 

4d partitions V 

where \P\ is the number of hypercubes in V . 

In the generic case, Caett should be given by the generalization^! of the 3-vertex (12.41) 
the partition function Zqz can be also defined as the generating function of 3d partitions [30j . 
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and could a priori be expressed in terms of the product of some hypothetic generalized 
Schur functions <Sa (?)■ 

In the 2d partition set up, one can C(4) in quite similar manner. Using eqsf l3.37tl3.39p . 
we can generally define it as in eqf l3.21l) . This is a kind of rank 12 object 

C(abc)(dcf)(ghi)(jkl), (3.47) 

depending on the Boltzmann weight and the boundary conditions (external momenta) 
a,...,l. 

To obtain its explicit expression, we use the following 

(i) the relation between the 4-vertex and composites of planar 3-vertices. 

(ii) the results on the usual 3-vertex formalism. 

The first property follows by noting that 4-vertices of the toric web-diagram of X 4 with 
the special Lagrangian fibration 

R 4 xRx T 3 , (3.48) 

corresponds to the intersection of the planar 3-vertices of three triangles. To fix the 
ideas, consider figure 5 and focus on the point A representing a 4-vertex of the toric 
web-diagram of X 4 . The point A is the intersection 

A = A 1 n A 2 n A 3 , (3.49) 

of the triangles, 

Ai = triangle ABC, 

A 2 = triangle ABD, (3.50) 
A 3 = triangle ACD, 

These triangles are boundary faces of the tetrahedron 

ABCD. (3.51) 

Inside of the tetrahedron, the toric fiber is 

T 3 = S 1 x S 1 x S 1 . (3.52) 

On each triangle face, a circle shrinks leaving T 2 . 

On each egde of a triangle, one more circle shrinks leaving S 1 . 

At the vertex A, all 1-cycles of T 3 shrinks down to zero. 

The property captured by eqsf l3.49p means that we may relate the 4-vertex Castt to 
three planar vertices of the triangles ( 13.50ft . This can be done by expressing the 3d 
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partitions (A, £, T, T) in terms of 2d partitions (a, b, c) , (d, e, f) , (g, h, i) and (j, k, 1) as 
follows 

A = (a,d,g), £ = (b,c,0), 

T = (e,0,f), r = (0,h,i). (3.53) 

The decomposition (13.531) is illustrated on the formal figure [8] where the three triangles 
are represented in different colors. 



(I 




Figure 8: A typical 4-vertex in O (—3 — m) — > WPf 1 lm using 2d partitions. This is a 
spatial vertex made of three planar 3- vertices: (abc), (def) and (ghi). 

Substituting (AEYr) as in eq (l3.53l) . we can first rewrite Caett like C( a dh)(bc0)(e0f)(0hi)- 
The latter reads immediately from the figure 8 and is given by 

C(adg)(bc0)(e0f)(0hi) = CabcCdef Cghi, (3.54) 

where C a b c , C*def and C g hi are topological 3- vertices with the explicit expression eq (l2.4p . 

/3) the function Z Xi 

The the toric web-diagram of the X 4 4-fold is given by figure 
The corresponding partition function Zx A can be computed by specifying the 4- vertices, 
propagators, framings and using Feynman like rules. Notice that in the 2d partition set 
up, the toric webs of and H3 are as in the figure 10. 

Using the momenta prescriptions described by the Young diagrams of the figure 10 as 
well as trivial boundary conditions for the extrenal legs, the partition function reads in 
terms of the Kahler modulus t of X4 as follows: 

Z H 3 = 2J [(A^V P( T T ) (# £ t t xp t <K t ) {^ve T ^ T KLu T ) (^WVW) ^TVUiippaex^] (3.55) 

where the sum over {x} stands for the collective sum over the 2d- partitions x = r, v, 
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n 

Figure 9: A typical the toric web-diagram of X 4 with boundary conditions (AI1ST) 



u, if, p, a, e, X-, L i K i ? an d where we have set 

^■TV T LJip T p(7 T = CfJf TV T CffiupT Cflpo-T , 

£>er T xp T <K T = C^TC^pTC^T, 

^ve T L^ T Kw T = C^tC^tCq^t , (3.56) 

and 

Yl (-e-*) |x| g reW , (3.57) 

where k ((/,) is the second Casimir of the 2d partition fi (12.81) . The factors C a ^ are given 
by eq(|Z3& 

3.3.3 Partition function for the local 2-torus 

The partition function Zh 3 of the local elliptic curve may be obtained by imple- 
menting in Z Xi the constraint relations (I3.24p capturing the projection X 4 — > H 3 . 
Choosing trivial boundary conditions for the external legs and using: 

(i) the expression of the 4- vertex (13.541) . 

(ii) the rules of the planar vertex formalism of [28] . 

we can write down directly the expression of the partition function Zh 3 - We find 

£,p,<T,7j,V,T,S ,9 
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Figure 10: toric web-diagram of the local elliptic curve using 2d partitions. External and 
internal momenta have been expressed in terms of 2d partitions. 



with 



together with 



•^Vku/t = £W tC W^ t > ( 3 - 59 ) 



K^ x ^= II (-e-y^ (3.60) 

where the factors C Q ^ are as in eq fl2.4l) . 

In what follows, we turn to study the field theory set up of the local 2-torus by starting 
by local P 2 model. 



4 Sigma model for local P 2 

In this section, we first review briefly the supersymmetric sigma linear model real- 
ization of the local P 2 model. This model is useful for the purpose of this paper. 
We also use this field realization to fix convention notations and to introduce some 
mathematical objects and their physical interpretations. 
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The local P 2 model is nicely formulated in the language of AD, Af = 1 supersymmetry 
which is, roughly, equivalent to the usual 2D, Af = 2 supersymmetry. The complex two 
dimension projective plane P 2 has one Kahler parameter t, interpreted as the Fayet- 
Iliopoulos (FI) coupling constant in the supersymmetric gauge theory. 
The U (1) gauged linear sigma theory describing the local P 2 target space geometry 
involves the following AD, Af = 1 superfields (supersymmetric representations): 

(1) A U (1) gauge superfield V = V (x, 9, 9) which reads, in the Wess-Zumino gauge, as 
follows: 

V = —Qo^QA^ - ite\ + i9 2 9X + -9 2 9 2 D, (4.1) 

where (x^, 9 a , 9a) stands for the AD, Af = 1 superspace coordinates. 

In this relation, (x) and (A a (x) , \ a (x)) are respectively the U (1) gauge vector and 

gaugino fields. 

The scalar field D is the usual auxiliary field capturing the local Calabi-Yau geometry. 
It captures as well as part of the scalar field potential V of the gauge theory 

V = D 2 + Y^\F t \ 2 , (4.2) 

i 

where the Fi terms will be introduced below. 

(2) Four chiral superfields {$ , $1, $2, $3}, with ^-expansion 

$. = z . + ^. + e 2 F l , (4.3) 

with Zi being the field coordinates of local P 2 , ^ the Weyl spinors and F { the so called 
F-auxiliary fields. 

The $j complex superfields carry the following qi- charges under the U (1) gauge sym- 
metry, 

(50,51,92,93) = (-3,1,1,1). (4.4) 
The qfs add exactly to zero as required by the Calabi-Yau condition 

3 

X> = 0, (4.5) 

i=0 

of local P 2 . 

The superfield Lagrangian density Aocai p 2 = £ ($, V) of the local P 2 model reads, in 
the Af — 1 D — 4 formalism, as follows, 

3 

C ($, V)=J d A 9 J2 ®ie 2qiV $i -2tJ d A 9V + L„ (V) . (4.6) 
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Here C gauge (V) is the superspace Lagrangian density for the U (1) vector multiplet that 
can be found in |47j . 

The equation of motion of the auxiliary field D leads to, 

ki| 2 + Nl 2 + \z 3 \ 2 - 3 |2 | 2 = t. (4.7) 

It is nothing but the defining equation of the local projective plane O (—3) — > P 2 . 
The compact part P 2 of this threefold is a complex plane given by the divisor z = 0; 
it is parameterized by the complex coordinates (zi,z 2 ,z 3 ) describing a complex surface 
embedded in C 3 and has a U (1) gauge symmetry rotating the phases of the coordinates 
variables. 

By setting Xi = \zi\ , the complex surface z = can be represented by the planar 
triangle {48], 

xi + x 2 + x 3 = t (4.8) 
with Kahler modulus t; see also figure 1. 

Because of the symmetry under permutation of the x^s, the triangle is equilateral. The 
length of its edges are equal to t and then it has an area given by A = . 



5 Field model for O (-3) 

We first study the gauge invariant supersymmetric field model with target space 
given by the curve E^' 00 ^ = <9P 2 . For details on the degenerate elliptic curve 

E (t,oo) 

sec 

the appendix. Then, we consider the extension to O (—3) — > E^' 00 ^. 



5.1 Divisors of local P 2 

To begin, notice that the local P 2 eq (14.7jl has several divisors; i.e codimension one 
subspaces describing boundary patches of the normal bundle of the projective plane. 
The standard ones are obtained by setting one of the z^s to zero; Zi = with i — 0, 1, 2, 3. 



5.1.1 Toric boundary of P 2 

In this paragraph, we consider the three following complex surfaces [Di], [D 2 ] and [D 3 ], 



(5.1) 



[Di] 


■ w 


2 + 


1 |2 


3 


1 |2 

1^0 1 = 


= t, 




Z\ = 


= 




■ \zs 


2 + 


1 |2 


3 


1 |2 


= t, 




z 2 = 


= 


[D 3 ] 


■ \zi 


2 + 




3 


1 |2 

\ z 0\ = 


= t, 




Z3 = 


= 


and their union [D] = 






U [D 3 ] 


■ 













To see what this local geometry describes precisely; let us set \zq\ =0 in above eqs from 
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where one sees that each relation describes a complex one dimension projective line P 1 . 
To distinguish between these complex projective lines, we use the convention notation 
Pi where the subindex % refers to Z; = 0. Thus we have 



1*2 


2 + 


1*31 


1*3 


2 + 


*i| 


1*1 


2 + 


W 1 



2 = t, 



2 



t, (5.2) 



P* : Lzi| 2 +|z9| 2 = t. 
As we see, these projective lines have the following intersection matri: 

/-2 1 1 \ 

P, 1 n P] = 



(5.3) 



1 -2 1 

V 1 1 "2/ 
from which one sees that the complex curve 

E (t,oo) = p i up i up i ; ^ 5 _ 4 ) 

is elliptic (i^*' 00 ) ~ T 2 ). Indeed, computing 



3 



£(t )0O ) n £ (t,Do) = ^ pj n P, 1 + 2(p}nPj + P^nPj + ^n pj) , (5.5) 



8=1 



we get, up on using (15.31) . 

E (t,cc) n ^(t,oo) = _3x2 + 2x3 = 0. (5.6) 

From the toric diagram of P 2 , one also see that E^' 00 ' describes indeed a toric complex 
one dimensional curve defining the toric boundary of P 2 ; i.e: 

E (t,oc) = dF 2^ ^ 

It is this curve that will be used to deal with the local 2-torus in the large complex 
structure limit. 

5.1.2 Elliptic curve 

An interesting question concerns the derivation of the defining equation describing 
the elliptic curve E^ t,0 °'. From the above analysis, it is not difficult to see that E^ is 
given by the following system of equations, 



I 1 2 | I 2 . I ,2 
\Zi\ +\Z 2 \ +\Z 3 \ 



(5i 



z ± z 2 z 3 = 0. 



6 Denoting by {ai,a 2 ,a 3 }, a basis of H 2 (P 2 ,R), and by {.4 1 , A 2 , A 3 }, the dual basis of H 2 (P 2 ,R) 
with J Ai otj — Sj, the intersection matrix eq (|5.3|) is given by Iij = J p2 ai A a.j. 
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In these relations, we have three complex variables (z\, z 2 , £3) subject to three constraint 
eqs, The two first eqs, which are real, are just the defining linear sigma model eq of 




Figure 11: (a) Left: Toric graph of P 2 . (b) Right: toric graph of E^'°°^ where we have added 
a hole to avoid confusion. 

P 2 . They will be interpreted as the field equation of motion of the auxiliary D- field in 
super symmetric sigma model. 

The third relation, which is covariant under U (1) gauge symmetry, is an extra complex 
condition implemented in order to restrict P 2 geometry to its toric boundary <9P 2 . It will 
be interpreted later as the equation of motion of the auxiliary F- fields. 
Notice that, the implementation of the boundary condition is a new feature. It can be 
then viewed as: 

(i) a generalization of the usual approach for dealing with sigma model realization of 
toric manifolds. 

(ii) a way to approach genus g Riemann surfaces. 

(iii) a method that can be used to describe the toric boundary of more general complex 
n dimensional toric Calabi-Yau manifolds. We will make a comment regarding this point 
in the conclusion section. 

Notice finally that for t 7^ the three complex variables cannot vanish simultaneously, 
i.c 

( Zl ,z 2 ,z 3 )^ (0,0,0) (5.9) 

In the particular case t = 0, the geometry collapses to the origin (0, 0, 0) where live a P 2 
singularity and an elliptic one. 

5.1.3 Divisor O (-3) -> 

Using the above result on the toric realization of the elliptic curve, one can imme- 
diately write down the defining equation of the divisor O (—3) — > E( t,0 °) of the local P 2 . 
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We have 



i i — i i 1 2 ■ i 1 2 oi i — i 
PI | + \Z2\ + \Z3\ - O \Zq\ = t 



1 = 0,1,2,3, (5.10) 

Zl z 2 z 3 = 0, 

where (g , gi, q2, 93) are as in eq (l4.4j) and where the complex variable z parameterizes 
the non compact direction O (—3). 

If we do not worry about the Calabi-Yau condition, the first relation can be extended as 

kil 2 + \ z 2\ + Nl 2 - m kol 2 = (5-ii) 

where m is an arbitrary positive integer. 

5.2 Superfield action 

Here we give the supersymmetric field description of (15.111) . We start by studying 
the field realization of the toric curve 

E (t,cc)_ Then 

we consider its extension to the local 

geometry. 

5.2.1 Gauge invariant model for the elliptic curve 

To build the supersymmetric model describing the toric curve E^ t,co \ we start from 
the superfield content eq (!4.7p of local P 2 theory and implement the constraint equation 
(I5.10P by using Lagrange multiplier method together U (1) gauge invariance. 
The appropriate Lagrange superfield multiplier is given by a chiral superfield T with 
charge qr = —3 under U (1) gauge symmetry so that the chiral superfield monomial 

W($,T) = $i$ 2 $ 3 T, (5.12) 

is gauge invariant. Thus the supersymmetric Lagrangian super-density with target space 
j s given by the density, 

C E = C P 2 +(g J d 2 9W ($, T) + hc^j , (5.13) 

where g is a complex coupling constant. Since T has no kinetic term, its elimination 
through the equation of motion 

w=° (5 - 14) 

gives 

5«3>i$2$3 = 0, (5.15) 
whose lowest term is precisely Ziz 2 z 3 = 0. 

Notice that contrary to P 2 , the superfield realization of the curve £(*>°°) has a non trivial 
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chiral superpotential. As we see, this result is a particular situation that can be extended 
to build toric realization of other toric manifolds. 

Notice also that the Lagrange superfield multiplier T can be given a geometric interpre- 
tation. This superfield has no kinetic term TT nor couplings to the gauge superfield V; 
i.e no term type 

r d 4 eTe 2qV T, (5.16) 



in the Lagrangian super- density. The lack of (15.161) can be interpreted as corresponding 
to freezing the super symmetric gauge invariant dynamics of T. This property explains 
why the Calabi-Yau condition for the complex toric curve E^' 00 ^ should read as, 

3 3 

$>* + g 7 = 5^-3 = 0. (5.17) 

i=i i=i 

We will turn to this property when we consider the local threefold O (m) © O (— m) — > 

£j(t,oo)_ 

Notice also that the chiral superpotential (15.121) is not the unique gauge invariant term 
one may have. The general form of W ($, T) is given by 

W{*,T)= Bnx^Sx^W- (5-18) 

We will discuss this point in section 5 when we study the generalization to higher di- 
mension CY manifolds. 

For the moment, let us complete this discussion by giving the gauged superfield realiza- 
tion of the complex surface O (— m) — > E^ t,co \ 

5.2.2 Field model for the Divisor O (-m) -> 

In addition to the U (1) gauge superfield V, this model involves five chiral superfields 
($o, $i, $2, $3, T) with charges 

(ft), Oi, Oi, 03, g 7 ) = {-m, 1, 1, 1, -3) • (5.19) 
The Lagrangian super-density Cdivisor is given by, 

3 



^divisor 



! d A eY j ^ v ^ + c gauge {y)-2t ! d 4 ev 

J 8=0 ^ 

+ [g [ d 2 9W ($, T) + he] (5.20) 
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where the chiral superpotential W (<E>, T) is as in eq (l5.12l) . Here also the first Chern class 
of the complex surface has a contribution coming from T and reads as 

3 

^2q i + q 1 = -m (5.21) 

i=0 

showing, as expected, that O (— m) — > E^'°°' is not a Calabi-Yau surface. 

5.3 Moduli space of supersymmetric vacuum 

Here we study the supersymmetric vacuum of the field model (15.201) . We show that 
the surface ( 15.101) corresponds to a particular vacuum given by the vev 2 7 = 0. 
Moduli space of vacua 

In the supersymmetric vacuum, the vanishing condition of the scalar potential V = V (z) 
of the model (15.131) reads as 

\D\ 2 + |F | 2 + |Fx| 2 + |F 2 | 2 + |F 3 | 2 + |F 7 | 2 = 0. (5.22) 

The dependence of the scalar potential V in the scalar fields z is obtained by replacing 
the auxiliary fields D and Fi by their explicit expressions in terms of the matter fields 



D = D(z , Zi, Z2, Zs, Z 1 ) , 
F = Fi{ZQ,Zi,Z2,Z3,Z 7 ) 

These expressions are obtained by using the equations of motion 



(5.23) 



£ = 0, 4£ = 0. (5.24) 
5D 5Fi y ' 

Eq (l5.22p is solved as follows, 

D = 0, Fi = 0. (5.25) 

As noted before, D = leads to 

\zi\ + \ z 2\ + |^3 1 2 - m \z \ 2 = t (5.26) 
and describes local P 2 for the particular case m = 3. 

Fi = involves five terms: Fq which is trivial, and the remaining F y , F3, F2, and F\ lead 
to: 

Z1Z2Z2, = 0, 

Z\Z2Z~f = 0, 

z^ziz^ = 0, (5-27) 

Z2Z^Z y = 0, 
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where z 7 stands for the lowest component field of the chiral superfield T. There are 
several solutions of these relations. These solutions may be classified into two sets: 

(1) the first set is given by 

z 1 = 0. (5.28) 
Consequently eqs fl5.27p reduce to the first equation z\z 2 z 3 = 0. 

The moduli background associated with this solution describes exactly the complex sur- 
face 0{ -3) -»■ E^°°\ 

(2) the second set corresponds to 

z~ t ^ (5.29) 

and two variables amongst the three z\, z 2 and z 3 vanish. 
So eqs f)5.26l) become 

t, 

t, (5.30) 
t. 

Case z^ = 

Let us now consider the interesting case z 7 = and study the solution of constraint eq 
Z\Z^z 3 = 0. Here also there are several solutions which we list below: 

(1) case z 3 = but (z%, z 2 ) ^ (0, 0) : 
In this case the geometry reduces to 

\z\\ 2 + \z 2 f - 3 |z | 2 = t. (5.31) 

It describes the local complex projective line 

0(-3)^P\ (5.32) 

which we denote as O (—3) — ► Pg where the sub-index 3 on Pg refers to z 3 = 0. 
The same thing is valid for z\ = and z 2 = 0. 

They describe respectively the local surfaces O (—3) — > Pj and O (—3) — > F 2 . 

(2) case z\ = 0, z 2 = 0, z 3 = \/t 

This solution describes one of the three possible vertices of O (—3) — > E^' 00 ^; the two 
other vertices are associated with the points: 

(i) Z\ = 0, z 2 = \fi, z 3 = and, 

(ii) z x = Vi, z 2 = 0, z 3 = 0. 

(3) case Z\ = z 2 = z 3 = is a P 2 singularity. 

This solution corresponds to the limit t — where both _E(*>°°) and so P 2 collapse down 
to a point. 



29 



The above analysis can be viewed as an interesting step towards the study of topo- 
logical vertex of local genus g- Riemann surfaces (in particular g — 1) by using toric 
diagrams based on the curve E^' 00 ^. To that purpose, one first has to build the toric 
realization of basic objects of the topological vertex method. For instance, the complex 
coordinates associated with the vertices of the elliptic curve are given by the local 

patches 





z {1) 


z {1) 
z l 1 


z {1) 

Z 2 5 


Z W 


= 


u 2 ■ 


, (2) 

' Z 5 


Z l 5 






= 


w 3 


, 0) 

' Z 5 


z {3) 

z 2 i 


z 3 J 


4" 


= 



The upper index of Zj refers to the corresponding chart Ui. Note that on each chart, 
we have the relation 

zfzfzf = 0, i = 1,2,3 (5.34) 

The patches Ui could be interpreted as the three "toric pants" needed for building E^' 00 ^ 
and may be related to the topological pant considered in [30]. By gluing these three 
patches, one reproduces E^ t,co \ 



6 Local 2-torus 

The local complex surface X 2 = O (— m) — > E^' 00 ) we have considered so far is not 
a Calabi-Yau 2-fold. The first Chern class C\ (T*X 2 ) of this variety is equal to —m. For 
our concern, this surface is thought of as a divisor of the local Calabi-Yau threefold, 

O (m) © O (— m) — > E^'°°\ (6.1) 



6.1 Field model 

The supersymmetric field model relations describing the toric Calabi-Yau threefold 
(16. ip can be easily derived from previous study. They are given by the following system 
of component field equations, 

z l\ 2 + | ^2 1 2 + \ z 3\ 2 + 3 | ^4 1 2 — 3 \zo\ 2 = t, 
-21^3 = 0. 

Here Zq and z^ parameterize the non compact directions and (zi,z 2 ,z 3 ) are as before. 
The toric graph of this local threefold is shown on figure ( Tl2l) ; it has three tetra-valent 
vertices, 
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Figure 12: Toric graph of O (-3) -^E^ ,00 \ The compact part is E^=(d¥ 2 ) with the usual 
three vertices. Its toric frontier consists of three intersecting P s in the homology class of 
2-torus . (a) Figure (on left) represents real skeleton, (b) Figure (on right) gives its fattening. 

To get the superfield Lagrangian density £i OC T 2 , we think about eqs fl6.2j) as the field 
equations of motion of the D and auxiliary fields. 
The first relation is associated with 

3£>locE 

SD 

while the second follows from, 



0, (6.3) 



6F t 

The result is 



<)Cl '" L =0. (6.4) 



3 

C locE = [d 4 6j2 ^ 2V ^ + / d'e (¥ e- 2roy $o + $ 4 e 2mV $ 4 ) 
J 1=1 J 

+C gauge (V) -2tJ d A 6V +(g J d 2 9^ 2 ^ 3 T + hc^j 



(6.5) 



where T is a Lagrange superfield multiplier capturing the constraint restricting the field 
variables to the boundary of P 2 . 

In addition to the U (1) gauge multiplet V, the chiral superfields of this model are 

($ ,$1,$2,$4,$5,T) (6.6) 

and carry the following q r charges under the U (1) gauge symmetry, 

(Qo, <h, 02, qs, ?4, g 7 ) = (-m, 1, 1, 1, m, -3) . (6.7) 
where m is a priori equal to 3; but in general can take any integral value. 
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6.2 Generalization 

The construction we have developed here above can be generalized to other Calabi- 
Yau manifolds. Below we make a comment on two kinds of generalizations. The first 
extension deals with the gauged sigma model realization of local genus g-Riemann sur- 
faces for g > 2. The second generalization concerns sigma model approach for higher 
complex dimensional compact toric Calabi-Yau manifolds. 



6.2.1 Local genus g-Riemann surfaces 

So far we have seen that for each local elliptic curve, it is associated a U (1) gauge 
symmetry. This gauge symmetry is inherited from the P 2 model. Since local genus g- 
Riemann surfaces can be engineered by gluing several local elliptic curves, we conclude 
that a class of local genus g-Riemann surfaces could be described by higher rank abelian 
U n (1) gauged supersymmetric field model type. The rank n of the gauge symmetry 
depends on the way the gluing is done. 

To illustrate the idea, let us give the example of g = 2- Riemann surface described by a 
2D U 2 (1) gauged M = 2 supersymmetric sigma model. 

The local g — 2- Riemann surface in the large complex structures limits can be engineered 
by gluing two local elliptic curves with compact base E^'°°^ = <9P 2 and E^' 00 ^ = OF 2 ,. In 
the sigma model approach, we distinguish different representations according to whether 
Pf and P| have an intersection point or edge. 

In the first case, the sigma model involves five complex field variables, 

(z 1 ,z 2 ,z 3 ,z 4 ,z 5 ) (6.8) 

and a U 2 (1) gauge invariance under which these complex variables have the following 
gauge charges 

[q]) = (1,1,1,0,0) 

(q 2 ) = (0,0,1,1,1) (6.9) 

The field theoretic equations describing the compact part of the moduli space of super- 
symmetric vacua are given by, 



I I 2 . I I 2 . I I 2 , f | |2 . | |2 . | i2 , 

\Zl\ +\Z 2 \ +\Z3\ = h I |z 3 | + \Za\ +\Z b \ =t 2 

ziz 2 z 3 = j -23-24-25 = 



(6.10) 



where t\ and t 2 are respectively the Kahler moduli of the projective planes P 2 and P 2 . 
The holomorphic constraint eqs ^1^2-23 = and .23.24.25 = are implemented in the gauged 
supersymmetric superfield model by two chiral superfields Ti and T 2 with gauge charges 
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(?7' ffy) eo ± ua l to (—3, 0) and (0, —3) respectively. 

Notice that eq f)6.10p describes indeed a complex curve with genus g = 2. The toric 
threefold based on this genus g = 2 curve is parameterized by seven complex variables, 



(^0, z li z 2i z Zi Z4, £5, Zq) , (6-11) 



with gauge charges as 



(g, 1 ) = (-3,1,1,1,0,0,-3), 

(q 2 ) = (-3,0,0,1,1,1,-3). (6.12) 

The gauged supersymmetric field theoretical equation 

- m |^ | 2 + |^i| 2 + \z 2 \ 2 + I ^3 1 2 + m \zq\ 2 = ti, Ziz 2 z 3 = 0, 
—n \z Q \ 2 + I ^ 3 1 2 + \z 4 \ 2 + \z 5 \ 2 + n |z 6 | 2 = t 2 , z 3 z 4 z 5 = 0, (6.13) 

where m and n are in general arbitrary integers; but can be set equal to 3 to keep in 
touch with the first Chern class of the complex two dimensional projective plane. 
These relations involve seven complex variables constrained by four complex constraint 
eqs leaving then three complex variables free. Note also that the first relation of the 

above equation describes O (m) © O (— m) — ► E^' 00 ^ while the second describes O (n) © 

,(t 
2 



O (-n) -> J E. (t ' oo) 



6.2.2 Higher dimensional toric CY manifolds 

The gauged supersymmetric sigma model for the boundary surface of local P 2 that 
we have considered in this paper can be extended for compact divisors of local P n_1 . The 
latter is given by the following U (1) gauge invariant complex dimension n hypersurface 

n 

n\z \ 2 + = t, (6.14) 

i=i 

embedded in C" +1 parameterized by the local coordinates {z , Zi, z 2 , z n } with gauge 
charge 

(?o, 9i, 92, -, q n ) = (-n, 1, 1, 1) (6.15) 

In eq fl6.14p . t is the usual Kahler parameter of P n_1 . To describe the compact (divisor) 
boundary <9(P n_1 ) of the toric n-fold, we supplement the hypersurface equation by the 
following extra gauge covariant constraint relation, 

n 

n^=°- ( 6 - 16 ) 

1=1 
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Extending the analysis of section 4, the U (1) gauged supersymmetric sigma model de- 
scribing (9(P n ~ 1 ) reads as follows 

£(?p»-i = Cpn-\ + {$ j d 2 QW T) + hcj (6,7) 
with chiral superpotential 

n 

^($,T) = Tj]$ l . (6.18) 

i=l 

The gauge charge q 1 of the Lagrange multiplier superfield T is equal to (—n). Here also 
the first Chern class of <9(P n-1 ) is identically zero. As noted before, this property is 
not a new feature since the most general gauge invariant chiral superpotential extending 
eq f)6.18l) is given by 

W(*,T)= 9{m i} (rfl^A (6-19) 

mi + ...+m n =n \ i=l / 

where g{ mi } are complex coupling constants. 

The equation of motion of T gives a degree n homogeneous polynom describing a complex 
(n — 2) dimension holomorphic CY hypersurface with complex structures g{ mi }- 



7 Conclusion 

In this paper, we have set up the basis of the non planar topological 3- vertex method 
to compute the topological string amplitudes for the family of local elliptic curves 

0{m)®0{-m) -> E^ri , m e Z , (7.1) 

in the limit of large complex structure /x; i.e 

— > 00 . (7.2) 

Generally speaking, the base stands for an elliptic curve with Kahler parameter t 

and complex structure \i embedded in the projective plane P 2 . In the large limit /x; the 
corresponding elliptic curve E^'°°^ is realized as the toric boundary of P 2 ; see appendix 
for more details; in particular eqs (18. 5118. 12118. 171) . 

First, we have reviewed the main idea of the usual (planar) topological 3- vertex method 
for non compact toric threefolds. 

Then, we have drawn the first lines of the non planar topological 3- vertex method for the 
local degenerate 2-torus. The latter is a non compact toric Calabi-Yau threefold given 
by a hypersurface in a complex Kahler 4-fold. 
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The key idea in getting the particular toric representation of the local 2-torus with large 
complex structure is based on thinking about E^'°°^ as given by the toric boundary of 
the complex projective plane P 2 . In this view, 0(m) © 0(—m) — > E^'°°^ becomes a 
toric threefold and so one may extend the results of the topological 3- vertex method of 
[28] to the case of the local (degenerate) 2-torus. Obviously, to compute the topological 
amplitudes, we have to use the non planar 3- vertex method rather than the usual planar 
3-vertex one. Regarding this matter, we have given first results concerning the local 
degenerate elliptic curve 0(m) ®0{— m) — > E^' 00 ^. More analysis is however still needed 
before getting the complete explicit results. 

We have also developed the gauged supersymmetric sigma model realization that 
underlies the geometry the local 2-torus with — > oo and exhibited explicitly the role 
of D- and F- terms. We have discussed as well how this construction could be extended 
to local genus g-Riemann surfaces 0(m) © 0(2 — 2g — m) — > S 5 in the limit of large 
complex structures. 

The results obtained in the field theory part of the paper may also be viewed as an 
explicit analysis regarding implementation of F- terms in the Witten's original work on 
phases of M = 2 supersymmetric theories in two dimensions [47J . 

Acknowledgement 1 The authors thank the International Centre for Theoretical Physics, 
and S. Randjabar Daemi for kind hospitality at ICTP. This research work is supported by 
Protars III CNRST-D12/25. 

8 Appendix 

In this appendix, we give useful properties on the complex projective plane and on 
particular aspects on the complex curves in P 2 . 

More precisely denoting by P 2 , the projective plane with Kahler parameter t and by 
E^'^ the following elliptic curve in P 2 , 

E M : 4 + 4 + 4 + ^iz 2 z 3 = 

we want to show that the boundary <9(P 2 ) is nothing but the degenerate limit \i — ► oo 
of E+ri; that is 

d (P 2 ) ~ E^ t,oc \ (8.1) 
This question can be also rephrased in other words by using the fibration, 

P 2 = B 2 x T 2 , (8.2) 
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where B 2 is real 2 dimensional base (an equilateral triangle). The boundary d (P 2 ) is a 
toric submanifold with fibration 

<9(P 2 ) = AixS 1 , (8.3) 
where Ai = {BBq) is the boundary of a triangle. 

Clearly, thought not exactly the standard 2- torus S 1 x S , the boundary <9(P 2 ) has 
something to do with it. It is the large complex structure \x of the elliptic curve 

say 

— ► +oo . (8.4) 

As we need both Kahler and complex structures to answer the question ( 18. ip , let us first 
give some useful details and then turn to derive the identity <9(P 2 ) — E^' 00 '. 

Projective plane P 2 

There are different ways to deal the complex projective plane P 2 . Below, we give two 
dual descriptions by using the so called type IIA and type IIB geometries [5T] . 
Type IIA geometry 

In this set up, known also as toric geometry, the projective plane P 2 is defined by the 
following real 4 dimensional compact hyper surf ace in C 3 , 

+ \z 2 \ 2 + \z3\ 2 = t, (8.5) 

where (zi, z 2 , z 3 ) stand for local complex coordinates. In the above relation, the complex 
variables obey the gauge identifications 

4 = e^z k , (8.6) 

where the real phase (p is the parameter of the U (1) gauge symmetry. The phase <p can 
be used to fix one of the three phases of the Zk = \zk \ e ltPh complex coordinates leaving 
then two free phases; say p 1 and <p 2 - These free phases are precisely the ones used to 
parameterize the 2-torus in the fibration (18. 2p . 

The positive parameter t is the Kahler modulus of the projective plane; it controls the 
size of P 2 . Indeed, in the singular limit t — > 0, we have the two following: 

(i) the size of the complex surface P 2 vanishes 

lim [vol (P 2 )] = 0, (8.7) 

in agreement with both the relation vol (P 2 ) ~ t 2 (footnote 7) and eq (18.5f) which becomes 
then singular. 

(ii) the size of the complex boundary d (P 2 ) vanishes as well 

lim [vol [<9(P 2 )]] = 0, (8.8) 
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The two above relations show that the Kahler parameter t of P 2 and the Kahler parameter 
r of it boundary d (P 2 ) are intimately related. We will show later that they are the sam^l 
Notice in passing that in the field theory language, the relation (18.51) has an interpretation 
as the field equation of motion of the D- auxiliary field in the U (1) gauged sigma model 
realization of P 2 . There, the Kahler parameter t is interpreted as the Fayet-Iliopoulos 
coupling constant term. This description is well known; some of its basic aspects have 
been studied in section 4 of this the paper; we will then omit redundant details. 
Type IIB geometry: 

In the type IIB geometry, one thinks about the complex projective surface P 2 as a 
complex holomorphic algebraic surface obtained by taking the coset of the complex space 
C 3 \ {(0, 0, 0)} by the complex abelian group C*; 

p 2 = [C 3 \ {(0,0,0)}] /C*. (8.9) 

The C* group action allows to make the following identifications, 

(zi, z 2 , z 3 ) = (Xzi, \z 2 , \z 3 ) (8.10) 

with A being an arbitrary non zero complex number. This identification reduces the 
complex 3- dimension down to complex 2 dimensions. Here also, one can make gauge 
choices by working in a particular local coordinate patch. A standard gauge choice is 
the one given by the condition \z 3 = 1. 



Complex curves in P 2 

Complex curves ( real Riemann surfaces) in P 2 are complex codimension one subman- 
ifolds obtained by imposing one more complex constraint relation f (zj) = on the 
projective complex variables z±, z 2 and z 3 . The most common curves in P 2 are obviously 
the projective lines P 1 , conies and elliptic curves. 

Generally speaking, the constraint eq f (zj) = can be stated as follows, 

f(A*i,A* 2 ,Az 3 ) = AT ( Zl ,z 2 ,z 3 ) =0, (8.11) 

where n stands for the degree of homogeneity of the curve. The case n = 3, is given by 
the following typical cubic 

Zl + 4 + 4 + ^ Z 1 Z 2 Z 3 = 0. (8.12) 

This relation describes an elliptic curve E of degree 3 with a complex structure fi. This 
curve E has been extensively used in physical literature; in particular in the geometric 

7 From eq ()8.5j) . it is not difficult to see that the volume of P 2 is proportional to t 2 while the volume 
of its boundary d (P 2 ) is proportional t. 
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engineering of J^D superconformal field theories embedded in 10D type IIB superstring 
on elliptically fibered Calabi-Yau threefolds [51], [52] . 

Before proceeding further, it is interesting to notice that the elliptic curve E is a genus 
one Riemann surface having a real 3d moduli space; parameterized by 

(/i l5 /i 2 ;r) (8.13) 

with n = /i 1 + ifi 2 is the complex structure and r is its Kahler modulus. So, elliptic 
curves may be generally denoted as follows 

E M . (8.14) 

Regarding the complex parameter /i of the elliptic curve E^', it is explicitly exhibited 
in type IIB geometry set up as shown on eq (!8.12l) . 

However, it is interesting to notice that the Kahler parameter r cannot be exhibited 
explicitly since E^ T ^ has no standard type IIA geometry realisation^] of the type given 
by eq fIHT5]) . 

The construction developed in this paper gives a way to circumvent this difficulty by 
using the degenerate representation (18. 3j) . 

With the above features in mind, we turn now to the derivation of eq (l8.1l) . 

d (P 2 ) as the degenerate elliptic curve 
Here we would like to show that d (P 2 ) is E^' but with a large complex structure fi; 
that is — ► oo. 

To get the key point behind the identity (18.11) as well as the degeneracy of the elliptic 
curve we give the two following properties: 

(a) the projective plane P 2 has three particular intersecting divisors Pj. These are 
associated with the hyperlines 

z i = (8.15) 
in P 2 which, up on using eq (18.50 . lead to the following relations 



V 1 : 


i i 2 i 


i i2 
\ Z 3\ 


= t , 




V 2 : 


N + 


1 |2 
\ z 3\ 


= t , 


(8.16) 


V 3 : 


\ Z l\ + 


1 |2 
\ Z 2\ 


= t . 





From these equations, we see that each divisor T>i is a projective line with Kahler pa- 
rameter t. 

The equality of the Kahler parameters t\ — t% — £3 = t of these projective lines may be 

8 In toric geometry the real base of the fibration B n x T™ of complex n- dimensional toric manifolds 
involves projective lines. Torii appear rather in the fiber. 
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also interpreted as due to the permutation symmetry of the {z{\ projective coordinate 
variables of P 2 . This feature translates, in the language of toric geometry, as correspond- 
ing to having an equilateral triangle for the real base B 2 . 

(b) The divisors {D%\ are precisely the ones we get by taking the large complex structure 
limit (18.41) of the complex curve eq (l8.12l) . Under this condition, eq f)8.12p reduces then to 
the dominant monomial 

[iz 1 z 2 z 3 = 0. (8-17) 

Notice that the above relation is obviously invariant under the C* transformations (18.101) 
since 

fi (AzO (Xz 2 ) (Xz 3 ) = A 3 (iiz lZ2 z 3 ) = 0. (8.18) 

To have more insight about the elliptic curve E^' 00 ^ with large complex structure; |/i| — > 
00, it is interesting to solve eq( l8.17j) . There are three solutions classified as follows: 

(i) z\ = 0, what ever the two other complex variables z 2 and z 3 are; provided that 

* (0,0) , 

(^2,^3) = (Xz 2 ,Xz 3 ) . 

But these relations are nothing but the definition of the divisor T>\ in type IIB geometry. 

(ii) z 2 = 0, what ever the other complex variables z\ and z 3 are; provided that 

(*.«.) * (o,o) , ( 

(zi,z 3 ) = (Xz l7 \z 3 ) , 

describing then the divisor T> 2 . 

(iii) z 3 = 0, what ever the other complex variables z 2 and Z\ are; provided that 

(z u z 2 ) + (0,0) , 
(z 1 ,z 2 ) = (Xzi,Xz 2 ) , 

associated with the divisor T> 3 . 

To conclude the boundary (dFf) of the projective plane P 2 is indeed described by an 
elliptic curve with a Kahler parameter t inherited from the P 2 one; but with a large 
complex structure \i\ see also footnote 7. The limit \i — > 00 explains the degeneracy 
property in the base Ai ( 18. 3ft . 
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